We give some new versions of KKM theorem for generalized convex spaces. As an application, we answer a question posed by Isac et al. (1999) for the lower and upper bounds equilibrium problem.
all z ∈ U(x). The bifunction f is said to be λ-transfer upper semicontinuous (u.s.c.) on the first variable on X if −f is λ-transfer l.s.c. on the first variable. If f is defined on Y × X, then λ-transfer l.s.c. (u.s.c.) bifunction on second variable on X is defined by a similar method. It is easily seen that an l.s.c (u.s.c.) bifunction is λ-transfer l.s.c (u.s.c.) bifunction for each λ.
A generalized convex space or G-convex space was first introduced by Park and Kim [12] , and more recently, it has been generalized by Park [10] . Notice that G-convex spaces contain most of the well-know spaces such as topological vector spaces, convex spaces, generalized H-spaces, L-spaces, Cspaces, and hyperconvex metric spaces (see [10, 11, 12, 13] and the references therein).
Let (X, D; Γ ) be a G-convex space, then the multivalued mapping
; see Park and Lee [13] . If x cl F(x) is a KKM map, then we say that cl F is a KKM map.
Main results.
The KKM theorem is a very important tool in the study of the equilibrium problem. To solve problem (1.1) on G-convex spaces, we first give some refined versions of the KKM theorem. The following KKM theorem, due to Park and Lee [13, Theorem 1] , is essential for obtaining our main results. 
As a consequence of the above theorem, we obtain the following result which is a refinement of [3, Theorem 1.1] and [7, Theorem 3.3] . 
Take any
Clearly, we have that {Y i : i ∈ I} has finite intersection property, and
Choose anyx ∈ i∈I cl Y i . Also, for any i, j ∈ I with j ≥ i, we have
(2.5)
Thenx ∈ G(x) for all x ∈ X, and the proof is completed.
By Theorem 2.1 and the fact that x∈D G(x) = x∈D cl G(x), when G is transfer closed-valued, we can obtain the following result.
The following examples show that Theorems 2.2 and 2.3 are different.
X is defined as The following example is a modified form of [14, Example 1]. (3) and (4) we can assume that (3 ) there exists M ∈ Ᏺ(X) such that cl( x∈M F(x)) is compact, (4 ) for each A ∈ Ᏺ(X) with M ⊆ A, F is transfer closed-valued on G-coA. Then the conclusion of Theorem 2.6 holds. In this case, we obtain a refinement of Lemma 2.3 of Ding and Tarafdar [4] . Also condition (3) of Theorem 2.6 can be replaced by the following condition:
Therefore, Theorem 2.6 has its own applications. Now, by Theorem 2.2, we obtain the following result, which gives an answer to problem (1.1). (1) g 1 (x, x) ≥ α and g 2 (x, x) ≤ β, for all x ∈ X; (2) for every x ∈ X and for every
Theorem 2.8. Let (X, D; Γ ) be a G-convex space such that for each A, B ∈ Ᏺ(D) with A ⊆ B, Γ (A) ⊆ Γ (B). Suppose that f and g are two real bifunctions defined on
X × D such that (1) for each (x, y) ∈ X × D, if α ≤ f (x,y) ≤ β, then α ≤ g(x, y) ≤ β; (2) for each A ∈ Ᏺ(D) and B ⊆ A with ∅ ≠ B ≠ A, either (i) α ≤ inf x∈Γ (A) max y∈B f (x,y) or (ii) sup x∈Γ (A) min y∈A\B f (x,y) ≤ β. For B = A,(x λ ) in X con- verging to x, if α ≤ g(x λ ,y) ≤ β for all y ∈ A, then α ≤ g(x, y) ≤ β. Then there existsx ∈ X such that α ≤ g(x, y) ≤ β for all y ∈ D. Proof. Assume that F , G : D → 2 X are defined by F(y) = x ∈ X : α ≤ f (x,y) ≤ β , G(y) = x ∈ X : α ≤ g(x, y) ≤ β .A ∈ Ᏺ(X) if A ⊆ {y ∈ X : f (x,y) < α or f (x,y) > β}, Γ (A) ⊆ {y ∈ X : g 1 (x, y) < α or g 2 (x, y) > β}; (3) there exist compact subset K of X and M ∈ Ᏺ(X) such that the set {y ∈ M : f (x,y) < α or f (x,y) > β} is nonempty for each x ∈ X \ K; (4) for each A ∈ Ᏺ(X) with M ⊆ A, f : G-co A × G-co A → R is α-transfer u.
s.c. and β-transfer l.s.c. on the first variable on G-co A; (5) for each A ∈ Ᏺ(X) with M ⊆ A, x, y ∈ G-co A, and for each net
Proof. Let F : X → 2 X be defined by
First, we show that F is a KKM map. Assume that there exists A ∈ Ᏺ(X) such that Γ (A) y∈A F(y). Therefore, Γ (A) contains a point x 0 which is not in y∈A F(y). Hence, by condition (2), we have g 1 
This contradicts condition (1). Condition (3) implies that y∈M F(y) ⊆ K. As in the proof of Theorem 2.8, condition (4) implies condition (4 ) of Remark 2.7, and condition (5) implies condition (5) (3) and (4) 3. Some applications. In this section, we give some applications of Theorem 2.8 and Remark 2.9. 
Proof. It is enough in Theorem 3.1 to set c = 0, f 1 (y, x) = −ϕ(x, y), and g 1 (y, x) = −ψ(x, y).
If (X, Γ ) is a G-convex space, then g : X → R is G-quasiconvex if {x ∈ X : g(x) < λ} is G-convex for each λ ∈ R. If X = D, X is Hausdorff space and G-coA is compact for any A ∈ Ᏺ(X), then instead of conditions (3), (4) , and (5) of Theorem 3.1 we can suppose that (3 ) there exist a compact subset K of X and M ∈ Ᏺ(X) such that, for every x ∈ X \ K, there exists a point y ∈ M such that f 1 (y, x) > c; (4 ) 
